Abstract. This paper deals with an elasto-static analysis of a 2-DOF (degrees of freedom) spherical parallel wrist where the links and the joints are considered flexible. Theoretically, the mobile platform of the wrist rotates around a fixed point which is the intersection of all the joint axes. However, if the flexibility of the limbs is taken into account, while the base platform (BP) and the mobile platform (MP) are assumed rigid, two centers can be identified: one for the BP and the other for the MP. In general such points are not coincident; as a result, the positioning of the MP is affected by inaccuracies, which can be evaluated in terms of displacement and orientation errors. A finite-element method (FEM) approach is used to analyze the problem in a series of configurations of the wrist; the results are elaborated in order to obtain continuous maps of the errors over the workspace of the machine.
Introduction
A spherical parallel wrist is a manipulator formed by at least two kinematic chains (limbs) connecting a base platform (BP) to a mobile platform (MP) which is characterized by a spherical motion with 2 or 3 degrees of freedom (DOFs) . Furthermore, all the links of the kinematic chains can have only a spherical motion; thus, in spherical parallel manipulators with revolute joints, each limb is composed of links connected by revolute joints whose axes intersect at a common point which represents the center of the spherical motion. Several examples of 3-DOF spherical parallel wrists used to orient objects, machine-tool beds or cameras can be found in the literature (Asada and Granito, 1985; Gosselin and Angeles, 1989; Gosselin and Hamel, 1994; Di Gregorio, 2004) ; furthermore, 2-DOF wrists used as pointing devices have been proposed in Gosselin and Caron (1999) and Kong (2011) . As described in Wu et al. (2014) , two characteristic points can be identified in a spherical parallel wrist: the point at the intersection of the axes of the actuated joints at the base is the BP center, while the point at the intersection of the axes of the joints on the mobile platform is the MP center. Theoretically, the BP center and the MP center overlap with the spherical center. In reality, due to manufacturing errors and tolerances and to the deformation of the bodies under external loads, the joint axes do not intersect at a common point. If it is assumed that the base and the mobile platforms are perfectly rigid and manufactured with high-precision tools, we can still identify the BP and MP centers; however, they are shifted and the motion of the MP cannot be spherical.
The evaluation of the positioning error of a manipulator is a fundamental step in the design process if accuracy and stiffness are the guidelines for the mechanical project, as is the case for machining or assembly manipulators. Stiffness analysis of manipulators has been widely studied in recent years, mainly by means of analytic methods; examples include the studies of Majou et al. (2007) , Pashkevich et al. (2009 ), Cammarata et al. (2012 , Dong et al. (2014) and Wu et al. (2014) . In most of these works of these works, the analytic model is exploited to evaluate the stiffness of the manipulator in a series of configurations inside the workspace. As the computational time of such models is quite low, a large number of configurations can be analyzed, obtaining, as a result, maps of the stiffness indices over the workspace of the machine. On the other hand, some simplifying assumptions are necessary to formulate the problem, and results may be affected by inaccuracies. The implementation of a finite-element model is usually done in order to validate the analytic model com-paring the results on a single or few configurations of the manipulator.
This paper investigates how the elastic deformation of the links and joints of a spherical parallel wrist generates an error in the positioning of the MP of the machine. Deformations are generated by an external load applied to the MP which simulates the interaction force exerted by an external manipulator during a cooperative assembly task. Recent advances in the field of flexible-multibody simulation tools today allow for a new approach to the stiffness analysis of manipulators to be pursued (Wu et al., 2014; Palmieri et al., 2014b) : a configuration-dependent finite-element model, built as a result of searching for an optimum compromise between accuracy and computational effort, is directly used to perform the elasto-static analysis of the wrist in a series of configurations inside the workspace.
The remainder of the paper is organized as follows. Section 2 describes the kinematics and the mechanics of the parallel spherical wrist studied in this work; specifications and requirements of the machine are summarized and reference systems are fixed. After that, in Sect. 3, implementation of the finite-element model is discussed. Data obtained from the FEM analysis are then processed by means of a procedure, described in Sect. 4, which returns the positioning error of the MP in terms of displacement and orientation errors. Finally, results are discussed in Sect. 6.
Kinematics and mechanical design of the spherical wrist
The wrist studied in this paper is a non-overconstrained mini pointing device characterized by a parallel kinematics, which provides it with 2 DOFs of rotation. As described in Palmieri et al. (2014a) , the mini wrist is conceived to be integrated in a mini assembly cell together with a second manipulator responsible for the Cartesian positioning; the final goal is to realize a fully automated mini cell for "general purpose" assembly tasks with accuracy and repeatability of a few microns and overall dimensions of a few centimeters. In this context, the emphasis given to the stiffness analysis and to the accuracy evaluation of the manipulators is fully motivated. The functional and mechanical design of the device are described in Palmieri et al. (2015) . The main characteristics of the wrist are a workspace of ±54.7 • about every axis lying on the horizontal plane, a payload of 100 g, an overall size contained within a cube with a side of 150 mm, a circular MP with a 50 mm diameter, and a resolution on the order of 10 −2• . The kinematic structure of the wrist is based on the very common scheme of the parallel five-bar linkage (Gosselin and Caron, 1999; Kong, 2011) . This well-known mechanism allows the platform to rotate with 2 DOFs around a point O located at the intersection of all the axes of the revolute joints. Starting from the basic scheme of the spherical five-bar linkage, in which all the joint axis are orthogonal, a series of modifications have been introduced in order to guarantee the required workspace and to move the spherical center O of the wrist up from the supporting surface of the MP (Palmieri et al., 2015) . The resulting kinematic scheme is shown in Fig. 1 : in the hypothesis of rigid limbs, O is the intersection of all the joint axes and coincides with the BP center and with the MP center; the bushings marked with a hatched area are fixed to the frame and the rotations of the supported shafts are the motor angles. In the same figure, three different frames are introduced. The first frame, {F}, is the frame of the BP with origin at the intersection of the axes of the two actuated joints. The frame associated with the MP in the undeformed configuration is {U}, with the origin in common with {F} in O; the relative rotation between {U} and {F} is due to the kinematics of the machine. When an external load is applied, the limbs are subjected to elastic deformations. As a result, the MP moves from its theoretical position to a new position identified by the frame {D}. In this case, the center of the MP is shifted from O to O D by a vector called s, while the relative orientation between {U} and {D} is described by a rotation matrix called D U R. The mechanical design of the wrist has been carried out until the realization of the prototype shown in Fig. 2 . All of the links composing the limbs are made of steel, such as the frame, while the MP is made of aluminum alloy. An auxiliary plate and a pyramidal frame are shown in the figure, but they are not considered part of the wrist in the remainder of this study; in fact, such components constitute a particular design conceived for a demo task presented in Palmieri et al. (2015) . According to Al-Widyan et al. (2011) , all passive joints of the kinematic chain, which are ideally revolute joints, have been realized with bushings which also allow for small axial displacements; however in practice, they realize cylindrical joints instead of revolute joints. With this expedient, the wrist behaves like a non-overconstrained mechanism that is able to cope with the manufacturing errors: machining tolerances lead to joint axes that inevitably do not intersect at a common point; thus the use of revolute joints would give a hyperstatic structure subjected to deformation when the links are assembled. On the other hand, the addition of extra DOFs in the passive joints introduces an undesired mobility which affects the accuracy and the stiffness of the machine. Due to the small dimensions of the wrist components and to the necessity of reduced friction, miniaturized polymeric bushings have been used; the low Young's modulus of such components introduces deformations concentrated at joints, which have been taken into account in the subsequent elasto-static analysis.
Finite-element model
The finite-element model was created in Ansys Workbench using the static structural module. A simplified CAD model of the wrist was imported, eliminating small features like chamfers and fillets and small components like screws and fasteners. The frame of the machine and the MP are considered perfectly rigid, while links and bushings at the joints are flexible. The material assigned to the links is steel (Young's modulus E = 200 GPa), while bushings are modeled in polymeric material with a Young's modulus of 2.4 GPa. The mesh is characterized by tetrahedral elements with refinements at the contact surfaces for a total of about 16 000 elements and 28 000 nodes (Fig. 3) . The size of the elements was set by a sensitivity analysis: the detail level of the mesh was refined until results stabilized. Kinematic pairs have been introduced in order to replicate the isostatic kinematic structure of the wrist: all the bushings of the passive joints are fixed with the inner pin, while they are connected to the outer hub by a cylindrical pair; furthermore, frictionless surface contacts have been introduced between the flanges of the bushings and the corresponding surfaces of the connected bodies. shows the behavior of one of the modeled joints, where the translation of the cylindrical joint, in addition the rotation, is evident. The two bushings which support the pins connected to the motors are fixed to ground; each one of these bushings is connected to the corresponding pin by a revolute joint, and the relative corresponds to the motor rotation. By varying the motor angles, by means of the joint configuration tool, it is possible to configure the wrist in different positions in which the elasto-static analysis is then performed. A unitary vertical downward force is applied at the center of the MP. Such force simulates the interaction with an external manipulator during an assembly operation: the wrist orients an object that is aligning one of its surfaces with the horizontal plane, and the manipulator pushes against it in the normal direction. The magnitude of the force, set at 1 N, corresponds to the payload of the wrist, equal to 100 g. The deformation of the wrist is evaluated for each configuration by reading the displacement of seven points fixed to the MP; such data will be used in a subsequent procedure for the estimation of MP positioning error.
Positioning error estimation
Given a series of n points fixed to the mobile platform, the position of the ith point in the undeformed configuration with respect to the global fixed frame is called P i,U = x i,U y i,U z i,U 1 T ; the homogeneous representation is used. After the load is applied, each one of those points moves according to the rigid body motion of the MP due to the elastic deformation of the limbs; its position in the deformed configuration is
with respect to the global fixed frame. The following set of equations must be satisfied: 
The coordinates of a series of n points in the undeformed and deformed configuration are known from the results of the FEM analysis. They can be collected in the following matrices of dimension 4 × n:
Thus, on the basis of Eq. (1), a first estimation of the rototranslation matrix D U T can be obtained as the result of an unconstrained least-squares problem:
where † stands for the pseudo-inverse operator 1 and is referred to first-estimate entities. Due to the numerical approximations of the FEM analysis, D U T does not match the constraints of a rigid body motion: its 3 × 3 submatrix D U R, in particular, does not satisfy the orthogonality condition. A proper rotation matrix D U R can be found as the orthogonal factor of the polar decomposition 2 (Baron and Angeles, 1 The Moore-Penrose pseudo-inverse of a m × n rectangular matrix A with m < n can be directly calculated as
The polar decomposition of a square matrix A is a matrix decomposition of the form A = Q W, where Q is an orthogonal matrix and W is a positive semi-definite Hermitian matrix.
2000; Higham, 1986) of the first unconstrained estimate D U R:
Once D U R is known, it is possible to rewrite the system of Eq. (1) in the form
where
Finally,
In the theoretical assumption of a rigid body motion, all vectors s i obtained from Eq. (8) are equal. In the actual case, they differ because of numerical approximations; thus, a least-squares problem has to be solved in order to find the translation vector s that minimizes the error function e:
For data with a Gaussian noise distribution, it can be demonstrated (Lenarcic and Parenti-Castelli, 2001 ) that the result of the least-squares minimization is coincident with the mean value of the scattered samples. Thus, in our case, it is reasonable to assume that
The norm of s represents the magnitude of the displacement of the MP center as a consequence of the elastic deformation. In order to also describe the orientation error by means of a scalar quantity, an axis-angle representation of the rotation matrix D U R is used; the angle φ obtained from such a representation represents the magnitude of the orientation error of the MP.
The previously outlined procedure has been carried out for 25 different configurations of the wrist, which form an equally spaced grid over the joint space. Figures 5 and 6 show the plot of the displacement and orientation error, respectively, in the workspace of the wrist. Maps are obtained as interpolation of the data grid using biharmonic spline functions. A black solid line borders a subspace, called operative workspace, which represents the required range of motion for the particular application the wrist is designed for (Palmieri et al., 2015) . The maximum shift s of the MP center can reach up to 70 × 10 −3 mm at the borders of the workspace, while the maximum value of φ is of about 5.5 × 10 −2• . Considering the data confined inside the operative workspace, Table 1 ; the mean value of the orientation error (1.29 × 10 −2• ), in particular, is comparable with the angular resolution of the wrist (1.5 × 10 −2• ) related to the resolution of the encoders. The positions assumed by the center of the MP in the configurations analyzed inside the operative workspace generate a cloud of points whose convex hull is represented in Fig. 7 . The location and the dimension of the hull can be evaluated on the basis of the statistical values of the components of the vector s with respect to the frame {F}, which are shown in Table 2 .
Conclusions
The elasto-static analysis of a 2-DOF spherical parallel wrist where the links and the joints are considered flexible is described in this paper. An FEM approach has been proposed: starting from a simplified CAD of the manipulator, a re- configurable finite-element model of the wrist has been implemented in Ansys Workbench. An external load is applied to the MP, simulating a cooperative assembly operation, and the consequent elastic deformation is evaluated. The displacements of a set of points fixed to the MP are then processed in a least-squares minimization procedure aimed to find the roto-translation that best fits the motion of the MP. Once the displacement and orientation errors are found for a series of configurations of the wrist, continuous maps over the workspace of the machine are obtained by interpolation. From examination of the operative workspace, it can be seen that the average orientation error is on the order of 10 −2• , which is compliant with the requirements of the wrist; moreover, the wrist exhibits a displacement error with an average value on the order of 10 −2 mm.
The main contribution of the work is the development of a novel methodology that allows for configuration-dependent stiffness analyses of manipulators with flexible limbs to be performed. The methodology is based on the interaction between multibody and FEM simulation tools and represents an alternative, or better an integration, to simplified analytic methods. Besides the evaluation of the positioning error, the proposed method can also be applied to perform an elastodynamic analysis of the wrist once a specific end-effector design is defined and mass properties of all components are known.
